The Riemann problems for two-dimensional zero-pressure gas dynamics are solved completely when the initial data take three constant states having discontinuities on x, y-positive and x-negative axes. With the help of characteristic analysis, by studying interactions among delta-shocks, vacuums and contact discontinuities, the Riemann solutions constructed exhibit nine different explicit configurations. The Mach-reflection-like configurations appear in some solutions.
Introduction
In this paper, we consider the two-dimensional zero-pressure gas dynamics modeled by where ρ(t, x, y) 0, u and v represent the density, the mean velocity, respectively. This system is also called transportation equations. It can be derived from the flux-splitting numerical schemes for the full compressible Euler equations [3, 9] and zero-pressure isentropic gas dynamics [2] . It can also be used to describe some important physical phenomena, such as the motion of free particles sticking together under collision and the formation of large-scale structures in the universe [1, 12] . The zero pressure gas dynamics is the most important model to investigate the formation of delta shock waves and vacuum states. The model has been studied and analyzed extensively since 1994. With Radon measure as initial data ✩ Supported by NNSF of China under Grant 10461010. * Corresponding author.
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for (1.1) in one-dimensional case, Bouchut [2] first presented an explicit formula of the Riemann solution and checked the solution satisfying (1.1) in the sense of measures. Weinan E, Rykov and Sinai [7] discussed the behavior of global weak solutions with random initial data. Using the characteristic method and vanishing viscosity method, Sheng and Zhang [14] completely solved the 1-D and 2-D Riemann problems of (1.1). It has been shown that delta-shocks and vacuum states develop in the Riemann solutions of (1.1). From the physical point of view, it represents the process of the concentration of the mass. Based on the work [14] , Li and Zhang [11] extracted the complete generalized Rankine-Hugoniot relation of delta-shock parametered to describe the relationship among the location, propagation speed and weight, and they obtained all above Riemann solutions by solving the relation. For n-D (n 3) case, Li and Yang [19] studied a basic Riemann problem with two constant states separated by a superplane, and obtained multi-dimensional plane delta-shocks dependent on a family of one parameter. Recently, in Chen and Liu [5, 6] , the phenomena of concentration and cavitation and the formation of delta-shocks and vacuum states in solutions to the Euler equation for isentropic fluids were identified and analyzed as the pressure vanishes. Delta-shock is a kind of nonclassical nonlinear waves on which at least one of the state variables becomes a singular measure. It was independently discovered by Tan and Zhang [15] in 1990 when they studied the Riemann problem of the two-dimensional simplified Euler equations (Burgers equations). Then, Tan, Zhang and Zheng [16] established the existence, uniqueness and stability of delta-shock waves to some viscous perturbations in the reduced one-dimensional case. In addition, we refer the readers to papers [10, 17, 18] and references cited therein for related equations and results.
The other interesting feature is that the Mach-reflection-like configurations were obtained for the system (1.1) in [10] when they studied the two-dimensional Riemann problems with initial data taking four constant states. The Mach-reflection-like configuration is a kind of global interaction of waves, it cannot be obtained by solving the Riemann problem locally at the intersection points of the exterior waves step by step, but by the global consideration so that all exterior waves can match together. By contrasting with Mach reflection (see [4, 21] ) and Guckenheimer structure developing in two-dimensional scalar conservation laws [8, 13, 20] , they all result from the global interaction of two-dimensional nonlinear waves, which never appears in one-dimensional case.
In the present paper, we are concerned with the interactions among delta shock waves, vacuum states, as well as contact discontinuities and Mach-reflection-like configurations in solutions. For the purpose, we solve the threeconstant Riemann problems for (1.1) with the initial data
According to the different combination of the exterior waves involving delta shock wave, we classify the initial data (1.2) into three different cases: (1) 3δ, (2) 2δ + 1J and (3) 1δ + 2J . With the help of characteristic analysis method, by studying the interactions of elementary waves including delta-shocks, vacuum states, as well as contact discontinuities, we construct the Riemann solutions one by one which show nine kinds of different structures. The Mach-reflection-like configurations appear in some solutions too.
Comparing with the four-constant Riemann problems in [10] , the present paper is greatly simplified in the classification of initial exterior waves and configurations of Riemann solutions only consisting of 9 cases. However, it can still remain the mathematic substance of the problem and contain all the main structures as shown in [10] including 24 cases.
In a subsequent section, we introduce some necessary acknowledges involving the reformulated generalized Rankine-Hugoniot relation, entropy condition and the qualitative behavior of four kinds of different solutions to the reformulated generalized Rankine-Hugoniot relation of delta-shocks. Section 3 constructs the Riemann solutions case by case.
Preliminaries
In this section we introduce some results which can be fund in [10] for more details. Performing the self-similar transformation ξ = x/t, η = y/t, the system (1.1) becomes
It has a triple eigenvalue λ = (v − η)/(u − ξ) with two independent right eigenvectors r 1 = (1, 0, 0) T and r 2 = (1, u − ξ, v − η) T , which satisfy ∇λ · r j ≡ 0 (j = 1, 2). Thus, the characteristic field defined by dη/dξ = λ is linearly degenerate. Along each characteristic curve, we have
which means that u and v preserve constant. Therefore all characteristics are straight. Besides the constant state
the classical waves of (2.1) contain the vacuum
and contact discontinuity
where (ρ 1 , u 1 , v 1 ) and (ρ 2 , u 2 , v 2 ) are the states on both sides of J . Besides, J passes
, and we postulate that it ends at one of these two points. Let a discontinuity surface S parametrized as x = x(t, s), y = y(t, s) divide the (t, x, y)-space into two infinite parts Ω 1 and Ω 2 , and orient the normal of S from Ω 1 toward Ω 2 . Consider the delta-shock solution of the form
where
, and δ(x) is the standard Dirac measure with the support S. If (2.5) satisfies the generalized Rankine-Hugoniot relation
where In order to guarantee the uniqueness, we supplement the entropy condition
which means that all the characteristics on both sides of the discontinuity are in-coming.
A discontinuity satisfying (2.6)-(2.7) is called a delta shock wave, symbolized by δ.
then (2.6) and (2.7) are turned into the reformulated generalized Rankine-Hugoniot relation
and
respectively, where
This transformation enables us to construct solutions in (ξ, η)-plane. To this end, we consider the reformulated generalized Rankine-Hugoniot relation (2.8) fors 0 with the initial datā
which satisfy the entropy inequality
Here and after, we denote Ξ = Ξ(s) by the delta-shock curve, U δ = U δ (s) by the velocity curve and Case a. ρ 1 ≡ 0, ρ 2 = 0, i.e. the initial data is the vacuum on one side of the delta-shock. The solution has the following properties as shown in Fig. 1(a) .
The velocity U δ = U δ (s) changes monotonously and approaches U 2 asymptotically. (3) The convexity of curve Ξ = Ξ(s) depends on the fact that it always protrudes to the straight line Ξ 0 U 0 δ .
δ is located on the straight line through U 1 and U 2 . The properties of solution can be expressed as follows, see Fig. 1(b) . 
As shown in Fig. 1(c) , the solution satisfies the following properties.
( (2) The convexity of curve Ξ = Ξ(s) depends on the fact that it always protrudes to the straight line Ξ 0 U 0 δ . (3) The velocity U δ = U δ (s) approaches U * 12 asymptotically and has opposite convexity to Ξ = Ξ(s). (1) Ξ = Ξ(s) must across straight line U 1 U 2 at a point A(s =s 1 ), and at another point B(s =s 2 ), the entropy condition is violated. (2) Ξ 0 A and AB have the same convexity which depends on the fact that they always protrude to the straight line Ξ 0 U 0 δ .
Structures of Riemann solutions
In this section, we solve the three-constant Riemann problem (1.1) and (1.2). By the self-similar transformation, the initial-value problem (1.1)-(1.2) is transformed into the boundary-value problem of (2.1) with the boundary condition at the infinity
It is well known that either a delta-shock or the compound of two contact discontinuities and the vacuum appears at each interface of initial data of (3.1). Here we restrict to consider the case of exactly a contact discontinuity instead of the compound, which does not result in the substantial structure of solutions. Thus in the neighborhood of the infinity in (ξ, η)-plane, the solutions consist of contact discontinuities and (or) delta-shocks besides three constant states. These waves are called exterior waves. For example, the discontinuity connecting (ρ 1 , U 1 ) and (ρ 2 , U 2 ) is either a contact discontinuity
or a delta shock wave δ 12 :
For a contact discontinuity J 12 , we have known that in (ξ, η)-plane, there are two singularity points Ξ 1 = U 1 and Ξ 2 = U 2 , and the contact discontinuity comes from the infinity and ends at one of these two points unless it interacts with other waves. On the other hand, from (2.8) we can conclude that in (ξ, η)-plane, a delta-shock also has its singularity point Ξ = U δ corresponding to its edge in (t, X)-space. In other words, an exterior delta-shock has to stop at its singularity point unless it interacts with other waves. Besides, by the virtue of the hypothesis that is the overlapping of linearly degenerate characteristics may result in the formation of delta-shock, it is easy to show that a delta-shock may end at the boundary of domain in which some characteristics overlap.
In order to construct Riemann solutions, we need to clarify how these exterior waves interact and match together. To this end, the three exterior waves involving delta-shock are used to roughly classify the Riemann problem into three cases:
(1) Three delta-shocks; (2) Two delta-shocks and one contact discontinuity; (3) One delta-shock and two contact discontinuities.
In what follows, we will employ the characteristic analysis method to construct solutions of (1.1) and (3.1) in (ξ, η)-plane. For the convenience, we introduce the following Schauder's fixed point theorem and some notions. Now let us discuss it case by case.
Schauder's fixed point theorem. Suppose K is a nonempty convex closed set in Banach space B, T : K → K is continuous operator, T (K) is precompact in B. Then, there exists
x ∈ K such that T x = x. Ξ i : the point (ξ, η) = (u i , v i ) (i = 1, 2, 3Ω 1 = (ξ, η) ξ > u 1 , η > v 1 , Ω 2 = (ξ, η) ξ < u 2 , η > v 2 , Ω 3 = (ξ, η) ξ ∈ R, η < v 3 .
(1) Three delta-shocks
For this case, the determination regions Ω i and Ω j (i, j = 1, 2, 3, i = j) will overlap each other, so the initial data must satisfy
Without loss of generality, assume that
The solution involves the following three configurations.
Here we furthermore assume that δ 13 and δ 12 does not intersect. Denote by A(ξ 1 , η 1 ) the intersection point of δ 12 and Ξ 1 Ξ 3 , B(ξ 2 , η 2 ) the intersection point of δ 23 and Ξ 1 Ξ 2 , C(ξ 3 , η 3 ) the intersection point of δ 13 and
. As usual, if we study the interaction of the exterior waves by locally solving the corresponding Riemann problem formed at the interaction points, then we may easily prove that the exterior waves cannot match globally together. Thus, we have to discuss how these delta-shocks match together.
We set forth from δ 12 . Let
, M * is to be determined later. Consider the solution of (2.8) with the initial datā
because the mass and momentum of particles at the intersection point are conserved. After a routine calculation, we arrive at ∈ Ξ 2 BE. And we assert that m * 2 ∈ (0, M * ]. Now we prove the existence of M * and our assertion. For the purpose, we firstly prove
In fact, for the former, since v 23
which quickly gives
For the latter, since δ 13 and δ 12 have no intersection point, we have u * 13 > u * 12 , i.e.,
then we can easily get that 14) and
so there exists a sufficient large positive constant M * such that
Next, we verify m * 2 ∈ [0, M * ]. We firstly estimate the value ofs denoted by s 2 corresponding to point Ξ 2 0 . In view of (3.10), we have Noting that v 0 δ 2 > v 2 , we can conclude that 
With the same method above, we proceed to solve (2.8) with the initial datā
Similarly, we obtain a delta-shock δ and m * 1 . It is obvious that U *
, and the proof is similar to that for m * 2 . Set
and define an operator T :
Now we choose R 5 as the base space with the usual metric topology, then we have (i) K is a nonempty convex closed set in R 5 , (ii) T defined here is continuous because the solutions of ordinary differential equations depend on its initial data continuously, (iii) since T K is bounded, T K is precompact in R 5 by Ascoli-Arzela theorem.
Therefore, by Schauder's fixed point theorem, we conclude that there exists
Thus we obtain the global solution, which composes of the vacuum encompassed by delta-shocks, three exterior delta-shocks and three constant states, as illustrated in Fig. 2 .
It is noted that the appearance of new delta-shocks, separating the vacuum from constant states, is not the direct consequence of interaction of the exterior delta-shocks. The exterior delta-shocks bifurcate before they reach their own singularity points or end-points. So this is a kind of Mach-reflection-like solutions. At this moment, U 2 (Ξ 2 ) and A are located on the opposite sides of Ξ 1 Ξ 3 . Therefore a delta-shock, denoted by δ A 13 , emits from A and penetrates the segment Ξ 1 Ξ 3 in view of Case d. Here we only consider the case that the trajectory of δ A 13 protrudes to Ξ 1 . Then we have the following facts: (1) δ A 13 intersects with the low boundary of Ω 1 or with δ 13 , then we solve the Riemann problem at the intersection point, but no solution exists; or (2) the entropy condition for δ A 13 will be violated before it reaches the low boundary of Ω 1 or δ 13 or U = U * 13 . Thus we must consider the problem globally and Mach-reflection-like configuration will occur.
Let Fig. 3 .
In this case, δ 12 collides with δ 13 at point A before they reach their own singularities, obviously
(3.24) At the point A, the interaction of δ 12 Fig. 4 . Comparing with the Mach-reflection-like configuration, we obtain the solution only by solving the Riemann problem at the interaction points. This phenomenon often appears in the interaction of one-dimensional waves.
(2) Two delta-shocks and one contact discontinuity
Assume that
that is, the exterior wave connecting states (ρ 1 , U 1 ) and (ρ 2 , U 2 ) is a contact discontinuity J 12 . The other cases are similar. Because the determination regions Ω 1 and Ω 3 , Ω 2 and Ω 3 will overlap each other respectively, we obtain that
Without loss of the generality, we assume
The solution involves three configurations.
Case 2.1.
At this moment, δ 13 interacts with J 12 at a point A and forms a new delta-shock δ A 23 which ends at Ξ = U * 23 . The delta-shock δ 23 comes from the infinity and ends at U * 23 too. The solution is illustrated in Fig. 5 . The delta-shock δ 23 interacts with J 12 at a point A and forms a delta-shock δ A 3 which connects state (ρ 3 , U 3 ) and the vacuum. In view of Case a, δ A 3 must interact with δ 13 at B to form a delta-shock δ B 1 which separates state (ρ 1 , U 1 ) from the vacuum and finally ends at Ξ 1 . The solution is shown in Fig. 6 .
Without loss of generality, we furthermore assume Thus we obtain the global solution which is similar to that in Fig. 3. See Fig. 7 .
(3) One delta-shock and two contact discontinuities
We construct the solution by two subcases:
(i) the exterior wave connecting states (ρ 1 , U 1 ) and (ρ 2 , U 2 ) is a delta-shock δ 12 ; (ii) the exterior wave connecting states (ρ 2 , U 2 ) and (ρ 3 , U 3 ) is a delta-shock δ 23 . Fig. 8 . Fig. 8 . Fig. 9 . Fig. 10 . Fig. 11 .
(ii) In this subcase, we have Fig. 9 . Second, if u 3 > u 1 = u 2 , then δ 23 interacts with J 12 at a point, denoted by A, to form a delta-shock δ A 3 which connects state (ρ 3 , U 3 ) and the vacuum and finally ends at Ξ 3 . We show the solution in Fig. 10 .
Remark. In Fig. 8, δ 12 will be degenerated into J 12 when U 1 → U 2 , which can also be looked as the case 3J , it is trivial as shown in Fig. 11 .
